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	 In this study, we proposed a novel method that is different from previous methods using 
feedback to achieve synchronization.  Our study was carried out to induce the mutual effect 
coil inductances of two Chua’s circuit systems and achieve phase synchronization by the 
bidirectional coupling of two Chua’s circuit systems.  Additionally, analyzing the correlation 
coefficient vs the inductance spacing, we observed the hysteresis phenomenon and the 
sensitivity of the systems to various chaotic states that could be applied to some sensors.

1.	 Introduction

	 In the last couple of decades, the focus of studies of nonlinear dynamic systems was on 
understanding the mechanisms of chaos synchronization and the stability of chaotic systems.(1–3)  
In recent years, phase synchronization has become increasingly important, because it is helpful 
for understanding not only the synchronization of neuronal activities of remote areas in the 
human brain but also multichannel nonlinear digital communications.(4,5)

	 Furthermore, being one of the easiest entities that can be observed in a chaotic behavior, an 
electronic circuit is very important in a chaotic system and is widely used.  Since Pecora and 
Carroll published their work on the chaos synchronization phenomenon using the electronic 
circuit method for the first time,(6,7) people proposed many methods of chaos control, such 
as driving response, linear variable feedback, adaptive control, and phase synchronization.  
Among these methods that had their own characteristics and domains of applications, the linear 
variable feedback mechanism was most often used to achieve the chaos synchronization of 
circuits.  However, it is difficult to make two circuits achieve the synchronization of two chaotic 
systems.  To overcome this difficulty, the coupling method was used.
	 Here, we study a method that is very different from the general coupling method inputting 
the driven signal to the response circuit system.  We utilized coil inductances connected in 
Chua’s circuits with their mutual effect to achieve the phase synchronization of two systems.  
The case of double-scroll attractor has been discussed in our conference paper,(8) where we 
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presented various behaviors of phase synchronization induced by varying the inductance 
spacing.  In this study, we selected more appropriate experimental parameters, focused on the 
mutual inductance effect of different initial states, and discussed the hysteresis phenomena 
in both cases.  Additionally, fine-tuning the resistance of Chua’s circuits and varying the 
inductance spacing were sensitive to various chaotic states that could be applicable to the 
development of sensors.

2.	 Experimental Setup

	 Two Chua’s circuits, where 2 mH coil inductances, L1 and L2, were connected in two systems 
individually, were utilized, and the experimental setup is shown in Fig. 1(a).  Experimental 
Chua’s systems, which consisted of systems 1 and 2, containing the variable resistors R1 
and R2, and two coil inductances erected on a stepping motor driver, were automatically 
controlled by a computer so that they could precisely approach each other and could be 
separated.  In the experiment, a synchronous sampling data acquisition card was used to capture 
the x- and y-signals of two Chua’s systems simultaneously, where the sampling rate was 1 MS/s 
and the number of samplings was 10000.  On the mutual inductance effect,(9) by varying the 
inductance spacing D as shown in Fig. 1(b), the phenomena of circuit coupling states, that is, the 
single- and double-scroll attractors, were observed.

3.	 Experimental Results

	 Through phase, spectrum analysis, and time series diagrams, various states of coupling 
processes of the two Chua’s chaotic systems were observed.  Herein, our study is different 
from former ones, in that it uses two chaotic systems with particular parameters that do not 
match with each other to achieve directional or bidirectional coupling.(10)  In this study, we 
adjusted the variable resistors R1 and R2 of two Chua’s circuits to change the states of two 
chaotic oscillations, made two systems achieve bidirectional coupling, and analyzed the various 
processes of phase synchronization resulting from the mutual inductance effect at different 
distances between two coil inductances.

Fig. 1.	 (a) Setup and (b) schematic diagram of bidirectional coupling chaotic systems resulting from coil 
inductances.

(a) (b)
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3.1	 Initial states of double-scroll attractors

	 First, we adjusted the values of the variable resistors to make the systems appear to be 
double-scroll attractors as the initial states.  Figures 2(a) and 2(b) show the phase diagrams of 
the initial states of systems 1 and 2, respectively.  The results indicate that, when the inductance 
spacing was 12 cm, there was no mutual response between the two inductances, so no coupling 
occurred between the two systems.  Figures 2(c) and 2(d) show the power spectrum diagrams of 
the two systems and that the main frequencies of systems 1 and 2 were not identical, indicating 
that no synchronization occurred.  Figure 3 presents the phase diagram of y1 vs y2, which were  

(a) (b)

(c) (d)

Fig. 2.	 Phase diagrams of systems (a) 1 and (b) 2, and power spectrum diagrams of  systems (c) 1 and (d) 2 when 
the inductance spacing was 12 cm, where PSD represented power spectral density.

Fig. 3.	 Phase diagram of y1 vs y2 when the inductance spacing was 12 cm.
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(a) (b)

(c) (d)

Fig. 4.	 Phase diagrams of systems (a) 1 and (b) 2, and power spectra diagrams of  systems (c) 1 and (d) 2 when the 
inductance spacing was 5 cm.

Fig. 5.	 Phase diagram of y1 vs y2 when the inductance spacing was 5 cm.

the voltages of systems 1 and 2, respectively.  The result shows that the trajectories were chaotic 
and verifies that the two systems indeed did not achieve synchronization when they were 
uncoupled.
	 The mutual inductance effect gradually increased as the two coil inductances approached 
each other slowly.  When the inductance spacing was about 5 cm,  the oscillation of systems 1 
and 2 turned into a quasi-period state, as shown in Figs. 4(a) and 4(b), from the double-scroll 
attractor.  We analyzed the power spectra of the two systems shown in Figs. 4(c) and 4(d).  The 
main frequencies of systems 1 and 2 were the same at 237 Hz.  Then, we plotted the phase 
diagram of y1 vs y2, which displayed an inclined line as shown in Fig. 5.  The result shows that 
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the two systems achieved good phase synchronization because the mutual inductance caused 
chaos suppression when the inductance spacing was 5 cm.
	 When the two coil inductances were closer, the states of the two systems changed again.  As 
the inductance spacing continued to decrease from 5 to 1 cm, systems 1 and 2 transformed into 
double-scroll attractors, as shown in Figs. 6(a) and 6(b), from the quasi-period states, as shown 
in Figs. 4(a) and 4(b).  Power spectrum analysis showed that the main frequencies of the two 
systems were identical, as shown in Figs. 6(c) and 6(d).  The phase diagram of y1 vs y2 displayed 
the trend of a declined line, although the trajectory was somewhat disordered, as shown in Fig. 7.  

(a) (b)

(c) (d)

Fig. 6.	 Phase diagrams of systems (a) 1 and (b) 2, and power spectrum diagrams of systems (c) 1 and (d) 2 when 
the inductance spacing was 1 cm.

Fig. 7.	 Phase diagram of  y1 vs y2 when the inductance spacing was 1 cm.
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The result showed that, when the two coil inductances continued to move closer, the two 
systems would transform into a weak antiphase synchronization from the phase synchronization 
of chaos suppression.(11)

3.2	 Initial states of single-scroll attractors

	 When the variable resistor was precisely adjusted to particular values, the chaotic behavior 
of a single attractor was observed.  Thus, we had single-scroll attractors as the initial states of 
systems 1 and 2, as shown in Figs. 8(a) and 8(b), respectively.  Figures 8(c) and 8(d) show the 
power spectrum diagrams of the two systems, and that the main frequencies of systems 1 and 2 
were not identical, that is, no synchronization occurred.  Figure 9 shows the phase diagram of 

(a) (b)

(c) (d)

Fig. 8.	 Phase diagrams of systems (a) 1 and (b) 2, and power spectrum diagrams of  systems (c) 1 and (d) 2 when 
the inductance spacing was 12 cm.

Fig. 9.	 Phase diagram of  y1 vs  y2 when the inductance spacing was 12 cm.
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(a) (b)

(c) (d)

Fig. 10.	 Phase diagrams of systems (a) 1 and (b) 2, and power spectrum diagrams of  systems (c) 1 and (d) 2 when 
the inductance spacing was 6 cm.

Fig. 11.	 Phase diagram of  y1 vs y2 when the inductance spacing was 6 cm.

y1 vs y2.  The result shows that the trajectory was disordered, which confirmed that the two 
systems did not achieve synchronization when they were not coupled.
	 Then, we reduced the inductance spacing slowly to 6 cm.  Although the oscillation states 
of systems 1 and 2 were the quasi-period state as shown in Figs. 10(a) and 10(b), the power 
spectrum diagrams revealed that the two main frequencies of systems 1 and 2 were the same, as 
shown in Figs. 10(c) and 10(d), respectively.  Additionally, the phase diagram of y1 vs y2 shown 
in Fig. 11 indicates that systems 1 and 2 were synchronized.
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	 Similarly, when the inductance spacing continued to decrease from 6 to 2 cm, both systems 
1 and 2 transformed into the double-scroll attractors shown in Figs. 12(a) and 12(b) from the 
quasi-period states shown in Figs. 10(a) and 10(b).  Power spectrum analysis showed that the 
main frequencies of the two systems were identical, as shown in Figs. 12(c) and 12(d).  The 
phase diagram of y1 vs y2 displayed the trend of a declined line, although the trajectory was 
somewhat disordered, as shown in Fig. 13.  The result showed that the two systems achieved a 
weak antiphase synchronization when the two coil inductances continued to move closer.

(a) (b)

(c) (d)

Fig. 12.	 Phase diagrams of systems (a) 1 and (b) 2, and power spectrum diagrams of  systems (c) 1 and (d) 2 when 
the inductance spacing was 2 cm.

Fig. 13.	 Phase diagram of  y1 vs y2 when the inductance spacing was 2 cm.
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4.	 Discussion

	 Experimental results revealed that, when two coil inductances moved close to an appropriate 
distance, the two systems would transform from being originally incoherent to showing a better 
phase synchronization.  Additionally, when the two coil inductances continued to move closer, 
the two systems would transform from showing a better phase synchronization to showing a 
weak antiphase synchronization instead.  In view of this, we were interested in synchronous 
changes between the two systems at different inductance spacings.  Therefore, we further 
carried out the correlation analysis of the two systems at various inductance spacings.
	 First, in the case of double-scroll attractors as the initial states, we measured the correlation 
coefficients without delay time when the inductance spacing was changed from 8 to 0 cm, 
as shown in Fig. 14, where black lines represent the process in which the two inductances 
approach closer to each other (approaching process) and gray lines the separation process.  From 
8 to about 1.1 cm, most of the correlation coefficients fluctuated around zero, indicating the 
absence of synchronization.  From 1.1 to 0.6 cm, most of the correlation coefficients reached 
1, indicating good synchronization.  From 0.6 to 0 cm, most of the correlation coefficients 
decreased to −0.5, indicating a weak antisynchronization.  Then, in the case of single-scroll 
attractors as the initial states, we measured the correlation coefficients without delay time 
when the inductance spacing was changed from 8 to 0 cm, as shown in Fig. 15, where black 
lines represent the approaching process and gray lines the separation process.  From 8 to about 
5 cm, most of the correlation coefficients fluctuated around zero, indicating the absence of 
synchronization.  From 5 to 1.9 cm, most of the correlation coefficients reached 1, indicating 
good synchronization.  From 1.3 to 0 cm, most of the correlation coefficients decreased to −0.5, 
indicating a weak antisynchronization.
	 In addition, we also measured the correlation coefficients of the two coil inductances in 
the approaching and separation processes.  Figures 14 and 15 show new findings, that is, the 
trajectories of the approaching and separating processes did not match, which was caused by 
the magnetic hysteresis resulting from the experimental inductance of the coils.(12)  Moreover, 

Fig. 14.	 In the case of double-scroll attractors as the 
initial states, the diagram of correlation coefficients 
vs inductance spacing is shown.

Fig. 15.	 In the case of single-scroll attractors as the 
initial states, the diagram of correlation coefficients 
vs inductance spacing is shown.
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in Figs. 14 and 15, we also observed that there was a wider interval of chaos suppression in the 
case of single-scroll attractors as the initial states than in that of double-scroll attractors as the 
initial states, and that there was also a wider interval of chaos suppression in the approaching 
process than in the separation process.

5.	 Conclusions

	 The mutual inductance effect increased with the decrease in spacing between the two coil 
inductances, and the coupling strength of two Chua’s systems increased with the increase in 
the mutual inductance effect.  Good chaotic suppression occurred when the coupling strength 
increased to certain values.  However, when the coupling strength continued to increase, the 
synchronization decreased instead, and a weak antisynchronization was observed.
	 In this study, the synchronization resulting from external coil inductances, which has 
never been proposed to date, was quite different from the previous ones that resulted from the 
inner controller’s input to the systems.  It is possible to develop an external mechanic key for 
encrypting and decrypting, which was harder to crack.
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