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A quarter, half, or full car model is often adopted as the basis of vibration control for the
design and evaluation of automotive suspension systems. Regarding automotive suspension
systems, a quarter vehicle design-and-test result cannot be used as a substitute for a full
vehicle owing to the coupling phenomenon. In this study, by deriving the coupling ratios
between the sprung mass of a full car and four sprung masses of quarter cars, the analysis of
a full vehicle dynamics is performed with 14 degrees of freedom in the conventional vertical
and assisted lateral directions. It is found that for car suspensions, the full car model can be
conditionally expressed by four independent quarter car models. Moreover, we verify our
proposed novel performance forecasting method for a full vehicle suspension through analyses
and investigations via suitable designated vibration sensing experiments. Furthermore, a case
study shows that the vibration of a full vehicle can be quantitatively obtained on the basis of test
results of quarter suspensions.

1. Introduction

A good car suspension can provide high ride comfort and driving stability. A quarter vehicle
model is often utilized to test and verify complex control strategies and new actuators owing to
its simple structure and convenience in experimental environments. Soliman ez al)) showed
the effectiveness of the linear matrix inequality (LMI) optimization method in application
to car active suspensions. Marek et al® presented a synthesis of a weighted multitone
optimal controller and investigated the effect of identification time selection on the vibration
transmission function of an active vibration reduction system. Pepe and Carcaterra® proposed
a variational feedback controller (VFC) theory and applied it to improve a nonlinear quarter
suspension performance. Ahmed e al.” designed a sophisticated proportional integral and
derivative (PID) control for a quarter car model for the automotive industry and validated
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its performance by comparing passive and active suspension systems. The half car model is
often used for motorcycle design and the performance validation of the front and rear wheel
suspensions for cars. Choi ef al®) introduced a new dynamic output-feedback controller
based on the function-based integral inequality method and the reciprocally convex approach.
Ozgur et al.® compared classical PID control, fuzzy logic control (FLC), and hybrid fuzzy-PID
control (HFPID) based on a half car model. Li er al.7’’ constructed a robust controller via
convex optimization in terms of feasible LMIs for a half vehicle to show its effectiveness.
Zhang et al® realized the independent control of the pitch and vertical motions of a half car
using a dual-damper-based controllable quarter car suspension structure. The full car model
is accurate for simulating the vibration absorbing capacity of a car owing to its advantages of
more degrees of freedom (DOFs) and fitting to an actual vehicle. Aldair and Wang® used an
artificial intelligent neuro-fuzzy (NF) technique to design a robust controller to improve the
dynamic response based on a full vehicle nonlinear active suspension system. Wang et al.!¥
proposed a robust dynamic output-feedback controller with the fault tolerance (FT) ability to
improve full car performance. Chen ez al.!V presented an efficient H, optimization method for
passive mechanical control problems with a special class of positive real controllers based on a
full car model. Du et al.'? adopted a static output feedback controller to improve vehicle ride
comfort in terms of driver head acceleration under constraints of actuator saturation, suspension
deflection limitation, and road holding capability. A traditional full car model can be used to
study the vibration of a car suspension under the influence of vertical excitation from the road.
However, owing to a complicated coupling relationship, the results of a quarter suspension
model cannot be quantitatively expanded to a full model even though some researchers have
attempted to do s0.1%1¥ Similar investigation results may also be found in many papers.(!>®

With the development of vehicle dynamics, many researchers seek a composite model
to solve vibration problems for nonlinear motions. In past studies, the lateral excitation
between tires and ground in steering was considered to study three car body motions based
on the conventional vertical model.!*!'> However, the adoption of lateral excitation requires
more DOFs in a vehicle model. For example, considering vertical and lateral excitations
simultaneously, a full vehicle model should include the vertical and lateral motions of four
unsprung masses; the vertical, lateral, pitch, roll, and yaw motions of the sprung mass; and the
vertical vibration of the driver. This results in 14 DOFs. Although more DOFs could describe
the dynamics more accurately, it also leads to greater computational load and control complexity
than the conventional car model only with vertical analysis. Therefore, to simplify the model,
new methods should be developed.

In automobile theory, there is a concept called the mass distribution coefficient (MDC) for a
half car model. When the distances from the front and rear wheels to the center of the sprung
mass are the same, the MDC equals one. The whole sprung mass can be separated into two
sprung masses belonging to the front and rear quarter car models. The front sprung mass has
the same magnitude as the rear sprung mass. Thus, a half car model can be translated into
two independent quarter car models. From this, we conclude that the sprung mass should have
coupling actions with all wheel systems. However, the coupling action existing in a full car
model has rarely been introduced. Therefore, if the research on the MDC is extended to a full
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car, the coupling relationships between four-wheel systems and the full car can be identified
clearly.

Owing to the near symmetry of a four-wheel car, a full car can be seen as a combination
of four quarter vehicles. On this basis, the coupling relationships between a full vehicle and
quarter vehicles can be determined. In recent years, a hierarchical modeling method has been
developed to construct a parallel control framework with four relative independent quarter
suspensions to realize this idea.'® However, a means of obtaining full car data based on the
experimental results of vibration sensing experiment results for a quarter car and considering
only effects in the vertical direction has not been pursued, although such an approach would
be attractive. In this study, with the assistance of the lateral factor based on the conventional
vertical vehicle model, five motions of the car body are examined by space force analysis
to deduce the vertical coupling ratios between the continuous sprung mass of a full car and
four independent sprung masses of quarter cars. In this way, an approach to quantitatively
acquire the focused vibration finding of a full car by using the experimental results of quarter
suspensions is established. Therefore, a novel performance analysis method for a full vehicle
suspension is presented for use in the vehicle design and test fields. Furthermore, various smart
sensors and microprocessors can be employed in vehicle suspension systems, including those of
a full, half, or quarter vehicle.(7-1®) By performing some suitable vibration sensing experiments,
we verify the proposed performance forecasting model. In detail, the system parameters
of a full or quarter vehicle system can be fully understood using system identification
technologies.!” 22 Thus, the proposed performance forecasting model can be set up via sensors
with an appropriate experimental arrangement.

2. Decoupling Analysis

A car body only has vertical, pitch, and roll motions in traditional research based on vertical
excitations under wheels. However, many cars have four-wheel systems. Thus, the dynamical
relationships between the three motions of the car body and four supporting forces provided
by four-wheel systems can be found if we separately consider a car body. Conventionally, in
the analysis of a car vibration control, the car is always assumed to move in a uniform, straight
trajectory. Thus, the lateral excitations generated by the effect of tires can be ignored. In
addition, if we consider the lateral and yaw motions of a car body, the relationship between
car body motions and supporting forces may be obtained through the introduction of lateral
excitations.

Figure 1 depicts the free-body diagram of a car sprung mass with suspension forces. The
suspension spring, damping, and controllable forces at each corner of the sprung mass are
combined to model a concentrated vertical force Fi, (i = 1-4). Each tire also exerts a lateral
force Fj, (i = 1-4) at each corner of the sprung mass. The spring and damping forces of the
driver system are also simplified to a concentrated force F),.

The dynamic equations of the five-DOF sprung mass can be obtained in terms of the vertical
displacement z., lateral displacement y., pitch 8., roll ¢., and yaw ¢, of the mass center.
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Fig. 1.  Force analysis in space for a vehicle suspension sprung mass.

mz, =F.+F). +F. +F. -F, M
my. = Fy,+F,, +F5, +F, )

1,6, =—1;F, —1,;F,, +1,Fy, +1F, +1,F, A)
1§, =LF. —LF, +LF, ~LF, +LF, “)
1§, =1,Fy, +1F,, —1.F5 —1F,, ®)

If the forces F; and F;y act as two component forces, the resultant force F; can be substituted
with the two component forces in the above equations. The resulting expressions of the
resultant forces are given in Appendix.

The relationships between the vertical and lateral displacements of the center of the sprung
mass and each corner can be obtained from the following geometric relationships:

Ze =2.— 1,0, + 14, 6)
Zey =2 =110~ 19, , ™)
Zy=2.+1.0. +14., ®)
Zeg =2 +1,0. =14, ©)
Zgp =—2c 140, + 134, (10)

yclzyc+lf¢c+ll¢c: (11)
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y622y6+lf¢)c—l2¢c’ (12)
Ye3 =Xe _Zr(oc +ll¢c > (13)
Yea =DYe _lr(DC _12¢c . (14)

Substituting Eq. (6) into Eq. (1) and multiplying its result by /., then subtracting the final result
from Eq. (3), we obtain

mlzg +md 0.~ 1,6, —mlhg =(1, +1)F+(L +0 )P = (L + 1) Fy (15)
Adding the product of the above equation and /, to the product of Eq. (4) and (/s + [,) gives

ml bz +md 1L, 1,160, —md hb. +1, (1, +1,)¢. =

16
(Lp+2 )b+ L) R+ (L + 0 )0, = (1 + 1 )b Fy, (L + L)L F, + (1 +1, ) F,. (1
Similarly,
mLE o +md L4 6. = 1,46, +m L hbg, 1 (1, +1,)¢. =
17
(L +2 )b+ L) Py (1 + 0 ) Fs, + (L + 1) Fy, = (L + L)W F, =(1, +1, ) F,, 7
ml oz s =md (L6, + 1,160, —md hld, + 1 (1 +1,)¢. = 0
(Lp+0 ) hF, =L+ 1 )P + (L +0 ) (h+ b ) B (L =) F, + (1 +1,)BF,,
ml by =md L6, + 116, +md b ~1, (1 +1,) 6. =
(19)
~(tp + V0B, + (L + 1 )P + (L + 1) (b + L) Fy, (1 = L)WF, = (1, +1, )L F,.
Adding the above four equations results in
mclécl + mc2262 + mc3éc3 + mc42c4 = Flz + F2Z + Fj}z +1;‘42 _Fp‘ (20)

The sum of Egs. (15) and Eq. (18) is multiplied by /.. The difference between this quantity and
the sum of Egs. (16) and (17) multiplied by //is

hA h h h h
[yac:_lfFiz_lfF22+lrFSZ+lVF4Z+I4FP' (21)

Using a similar process, the sum of Egs. (16) and (18) is multiplied by /;, and the difference
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between this and the sum of Egs. (17) and (19) multiplied by /, is

1){;’¢c :llFll;h _lezhzh Jr1111:3]1211 _12F4hzh +5LF,. (22)

Next, substituting Eq. (11) into Eq. (2) and substituting the results in Egs. (3)—(5) give
My Ve + My Yoy + M3 Vo3 + Mg Veq = Fy + Foy + F3, + Fy (23)
¢, =1, F + 1, —LF ~LF],, 24)

where Fl-f =F_ -m,z FM=F_ —m,%./2, and Fi;’ =F, —-m,;y, After decoupling, the

ci“ci> “iz iz ci“ci L
pitch, roll, and yaw inertia of the full vehicle are I;’ =1, —mll, I"=1,-ml /2, and

1 f =1, —m.l I, respectively. The equivalent masses at each corner are

11,

_ , 25
el (zf+zr)(11+12)mc @)
11,
_ , 26
Me2 (1f+lr)(11+12)m"’ (26)
1,1
rh
M = m,, @7)
3 (1 +1.)(h+1)
rh 28
m = - m. .
et (1, +,) (0 +1) @8

The derived results indicate that Eqgs. (20)—(24) have a similar form to Egs. (1)—(5),
respectively. However, the original sprung mass of a full suspension has been substituted by
four sprung masses of quarter suspensions. Moreover, if /r= [, and [; = /5, the mathematical
expressions of the decoupling sprung masses show that m, mc, me3, and me4 are each a
quarter of mc. If [¢# I, and [ # 5, the coupling ratio relationship between a whole car and four
quarter cars can still be determined. Thus, the MDC of a full vehicle under vertical and lateral
road excitations has been derived. It is clear that a full vehicle can be seen as a combination of
four quarter vehicles. The five motions of the center of the full suspension sprung mass center
are equivalent to the four vertical and lateral motions of the quarter suspension sprung masses.
Therefore, if the connective coupling actions vanish, a full sprung mass can be decomposed
into four sprung masses of quarter suspensions.

Owing to the effectiveness of a continuous sprung mass, each quarter vehicle sprung mass
is subjected to internal coupling actions. If each quarter vehicle sprung mass is independent
and lacks the adjacent limitations of other sprung masses, the vertical and lateral positions
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of each decoupled quarter sprung mass will change. If the vertical and lateral displacement

variables of each sprung mass supported by each wheel system are respectively assigned as the

variables Az.; and Ay,; in the process of removing adjacent constraints, the vertical and lateral

displacements of each decomposed sprung mass are as follows.

AZCl =

Z1 = Ze1 T Az

23 =z T Az

73 =23 — Aze3

24=Ze4 — AzZey

V1=V T A

2=y~ Me

3=y + Ay

V4= Yea — Nyea

cos ¥, 1, Iy
F-——Z +=—6.——
2m61 1 2 c 2 c 2¢c

AZ .4 =—%F3 +%éc +%éc +%‘q}5c
A%, :_620:13 F, +%EC +%éc —%éﬁ;
A, = 521:%711 F —%ﬁc —%(ﬁc —%éﬁ}:
Mo =S Ry e e -2
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.. siny, 1. ... Ly
Ay, =— Fi+—j, —L¢ -2
cd 2mc4 4 2yc 2 (pc 7 ¢c (44)

The above investigation of the vehicle suspension dynamics reveals the coupling ratio
relationship between a full vehicle and four quarter vehicles. In the traditional vibration control
field, a quarter suspension model with two DOFs is usually set up in a laboratory to estimate
the effectiveness of a new control strategy or actuator. However, the test results cannot be
used to acquire the detailed vibration behavior of a full vehicle. Here, a simulation approach
is employed to quantitatively determine the vibration behavior of a full vehicle based on the
test results of a quarter suspension model. Note that because of the unknown forces of each
quarter suspension supporting the car body at the start of the computation, a suitable fitting
loop process should be constructed. A flow chart of the fitting loop in the simulation is
shown in Fig. 2. Firstly, three pre-estimated values of the vertical, pitch angle, and roll angle
accelerations should be calculated from the given vertical excitations under the four wheels.
Secondly, four pre-estimated vertical accelerations and forces of four corners of the car body
are obtained. Then, the decoupled pre-estimated sprung mass accelerations of the four quarter
vehicles are determined. Finally, if the difference between the pre-estimated and tested values
of the quarter vehicle sprung mass is less than a given minimum value, the calculation can be
considered effective and the three motions of the full car body can be obtained.

/ Input test results of four quarter suspensions /

with 2-DOFs: vertical and lateral accelerations
of sprung mass and road roughness

=

Determine pre-estimated acceleration values of the
full vehicle suspension center

Obtain pre-estimated accelerations of four corners
supported by each wheel system before decoupling

v

Acquire pre-estimated accelerations of four quarter

uorjesu 9(1[1100

min E lzipr; - zirmi‘l

/ Output full vehicle results /

END

Fig. 2. Flow chart of computation.
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Before attempting to fit the data, the five expected state values of a full vehicle subjected
to vertical excitations under the wheels should be determined in advance. This enables a more
accurate quarter suspension test. In other words, the quarter suspension test is compatible with
the restrictions on the full vehicle structure parameters.

According to the vertical and lateral road roughnesses of each quarter suspension, five
pre-estimated variables of the full vehicle sprung mass center containing vertical, lateral, pitch
angle, roll angle, and yaw angle accelerations are determined as follows.

j}czal(ye1+ye2+ye3+ye4)/(4ts2) (45)

Ve =02 (Ve ¥ Ver + Vo3 + Vea )/(4fsz) (46)
i, = o {tg_l (203 + o)~ (za +202) )/ 21 +1r)]}/z§ @7)
b =0, {tg—l (1 (zea = 203) + 1 (ze2 =2 ) [ (1 +4,) (0 + )]} /zf 48)

P =05 {tg_l [(Ver=ver) = (Vea = ves ):|/(lf +, )}/tsz (49)

The coefficient g; (j = 1-5) is initially set to 1, and then adjusted automatically to match the
above Egs. (45)—(49) when the full suspension is in the passive mode. Otherwise, it should be
given a small value if the full suspension can be controlled.

Because most dampers and springs are vertically mounted, the vertical impacts of the road
can be reduced. In this situation, the vertical, pitch angle, and roll angle accelerations of the
full vehicle are all important parameters. Owing to the small values of the lateral excitations
generated by tires and the uncontrolled road status, the lateral and yaw angle accelerations of
the full vehicle will remain but to a lesser extent. Thus, the lateral excitation should only be
utilized to obtain the vertical characteristics of the full suspension and should not be considered
for a car moving in a uniform, straight trajectory.

3. Results and Discussion

In Sect. 2, a novel performance analysis method for a full vehicle suspension for use in the
vehicle design and test fields was presented. This method provides a means of quantitatively
acquiring the detailed vibration behavior of a full car by using the experimental results of
quarter suspensions.

To ensure that the forecasting method achieves the expected objective, the following
parameters of a typical car are taken from a relevant reference, Ref. 2: m, = 80 kg; m. = 1182 kg;
I, = 1020 kg'm?; I, = 2130 kg'm?; I, = 615 kgm?; ;= 1.1 m; ,= 1.5 m; /; = , = 0.8 m; /3 = 0.45 m;
14 =0.25m.
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To simplify the computation, C- and A-grade road roughnesses are respectively adopted
as the vertical and lateral inputs, as shown in Fig. 3. From Egs. (25) to (28), four quarter
suspension sprung masses are acquired. m. and m are 250 kg, whereas m.3 and m.4 are
341 kg. The force of each quarter suspension can be controlled from 200 to 2000 N. Four
simulated quarter suspension results obtained before and after decoupling are analyzed using
Matlab software and shown in Fig. 4. The acceleration results of the front left and front right
sprung masses obtained after decoupling are similar to the active control results in Ref. 2.
Table 1 shows a numerical comparison of quarter suspensions in this study and Ref. 2. In
suspension No. 1, the differences are 7.4% for the maximum sprung mass (J) and 5.0% for the
standard deviation of the sprung mass (o). In suspension No. 2, the differences are 5.5% for ¢
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Fig. 3. (Color online) Road excitations under wheels.
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Fig. 4. (Color online) Sprung mass of each wheel.
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Table 1

Numerical comparison of two quarter suspensions.

No. Parameter Ref. 2 This paper Difference (%)

Suspension No. 1 Maximum sprung mass acceleration 11.68 12.54 7.4
Standard deviation of sprung mass acceleration 6.83 717 5.0

Suspension No. 2 Maximum sprung mass acceleration 11.68 12.32 5.5
Standard deviation of sprung mass acceleration 6.83 7.09 3.8

Table 2

Comparison of parameters obtained before and after decoupling.

No. Parameter After decoupling Before decoupling Difference (%)

Suspension No. 1 Maximum sprung mass acceleration 14.44 13.15 8.9
Standard deviation of sprung mass acceleration 7.33 5.97 18.6

Suspension No. 2 Maximum sprung mass acceleration 14.80 12.47 15.7
Standard deviation of sprung mass acceleration 7.78 6.33 18.6

Suspension No. 3 Maximum sprung mass acceleration 11.70 11.72 -0.2
Standard deviation of sprung mass acceleration 5.64 5.46 3.2

Suspension No. 4 Maximum sprung mass acceleration 11.23 12.44 -10.8
Standard deviation of sprung mass acceleration 4.64 471 -1.5

and 3.8% for 0. It is deduced that the status of suspension No. 2 is better than that of suspension
No. 1; thus, suspension No. 2 can be adopted further.

On the basis of the manipulation procedures of the front left and front right quarter
suspensions, similar simulation results of two rear quarter suspensions can be obtained using
the same conditions. Table 2 shows the parameters of each quarter suspension sprung mass
obtained before and after decoupling. Before decoupling, the four quarter suspensions were
connected as a full vehicle suspension. After decoupling, the four quarter suspensions could
be considered as independent. Using Egs. (29) to (36), the variation amplitude of each sprung
mass of the quarter suspensions, which is given by the standard deviation of the sprung mass
acceleration, was obtained. It is clear that the values of the two front quarter suspensions
decreased, while those of the two rear quarter suspension values increased. This means that the
whole suspension sprung mass was lowered, resulting in an overall downward movement of the
front side and an overall upward movement of the rear left corner.

Figures 5 and 6 show the vibration results of the full vehicle suspension sprung mass over
time. These figures also show how vertical acceleration values of the full suspension were
reduced by the constraint on coupling. The PSD values of the frequency range from 1 to
10 Hz, to which humans are sensitive, decreased and are presented in Table 3. The first natural
frequency of the full suspension is preliminarily calculated to be about 1.2 Hz, and those of
the independent front and rear quarter suspensions are respectively about 1.3 and 1.1 Hz, as
illustrated in Table 4. Obviously, the PSD values of vertical, pitch, and roll motions are much
lower at each natural frequency in both the full and quarter suspension models. Even though
the vibration of the full suspension can be controlled, the amplitude of vibration in the time
domain is still much higher than those in other reports. Therefore, the controllable forces
should be enhanced further so as to improve the ride comfort and driving stability.
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Fig. 5. (Color online) Vertical vibrations of whole sprung mass and driver. (a) Time domain and (b) frequency
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Fig. 6.  (Color online) Pitch and roll angles of whole sprung mass. (a) Time domain and (b) frequency domain.

Table 3
PSD values at different frequencies to which humans are sensitive.

1Hz 2Hz 3Hz 4Hz 5Hz 6Hz 7Hz 8Hz 9Hz 10Hz
Driver  0.25 0.05 le=4 le—4 le4 2¢4 le4 le4 5e5 le4

Table 4
PSD values for different suspensions at natural frequencies.
Full suspension Front quarter suspension Rear quarter suspension
(1.2 Hz) (1.3 Hz) (1.1 Hz)
Vertical 0.44 0.06 0.003
Pitch 0.01 — —
Roll 0.17 — —

4. Conclusions

By considering lateral excitation and force analysis in space, we studied the vibration
relationship between a full suspension sprung mass and quarter suspension sprung masses.
From the derived formula and case study of simulation, we found that the ratio relationship
between a full car suspension and quarter car suspensions can be used to construct a forecasting
method. Thus, a relationship connecting a full vehicle and quarter vehicles is established. A
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case study has been carried out and the results are satisfying. It is deduced from the fitting data
of a full vehicle suspension that the vibration of a full vehicle can be quantitatively analyzed
using the test results of quarter suspensions. Therefore, the forecasting method proposed in this
paper provides a new test method for investigating the performance characteristics of a car.
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Nomenclature

mp driver system mass

me sprung mass of full vehicle

Mei sprung masses of quarter vehicles

I, pitch inertia of full vehicle

I roll inertia of full vehicle

I yaw inertia of full vehicle

0, pitch angle

Pe roll angle

P yaw angle

Ze vertical displacement of full suspension center

Ve lateral displacement of full suspension center

Zep vertical displacement of sprung mass connected to driver system
Zei vertical displacements at four corners of full sprung mass

Vei lateral displacements at four corners of full sprung mass

z; vertical displacements of independent quarter vehicle sprung masses

Zi pre  pre-estimated vertical accelerations of quarter suspension sprung masses
Zi e actual test accelerations of quarter suspension sprung masses

Vi lateral displacements of independent quarter vehicle sprung masses
Zoi vertical excitations under wheels

Vei lateral excitations generated by tire effect

Fi, vertical forces at four corners of full sprung mass

Fiy lateral forces at four corners of full sprung mass

F; resultant force of vertical and lateral forces

F, vertical force between full sprung mass and driver systems
Vi angle between vertical and resultant forces

ly front axle distance to full sprung mass center

L, rear axle distance to full sprung mass center

I right side distance to full sprung mass center

b left side distance to full sprung mass center

I3 lateral distance of driver system to full sprung mass center

n longitudinal distance of driver system to full sprung mass center
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Appendix

= Ay AmgE, + ApAm, G, + M3 AL G, + A2, + Ay sALG,
F2 = Doy Az, + Doy Ao + 23 AL 0, + Aoy AL, + Aps AL,

Fy =y Am Z, + A3 Am,§ +/1332,[ 0 + Ay AL, ¢ + 35419,
F4 —2412”1 Z +l42/1m +i43/11 9 +/144l[ ¢ +l4511
Fy = AsiAm.Z + AsyAm. Y. + /153/Uy9c + A5y B, + AssAL .

A =sin y; siny; cos y, €os y4l (I; — 1, ) +sin y; siny, cos y, cos 3 (12 (L, +1,)+1 (14 -1 ) -1 ) +

sin y, Sin y3 COS | COS 4 (12 (lf -1, ) —h (1. +14) =11 ) +sin y, siny, cosy; cos y3l (4 +15)

A= [sin 73€0874 (L3 + Ly ) +sinygcosys (L1, — 1,1 )] sin y,

Ay =siny3 o8y, cos y4l, (I, — I3 ) +siny, cos y, cos 3 [113 —L(L+1y)+] lf -1 ] /l
sin y, COs 73 COS y4l (h+L)(L+14 /l

A3 =siny,sinys cosyy (I, — I3 ) +sinyy sinyy cosys (4 +13)

A4 =(sin 5 cos y, —siny, cos 3 )sin 72 (1 +1)

Ays =siny, cosyzycosy, (L +1,) (1, +14 )/l+sin)/3 COS ¥, COS Yy (12 —13)+
sin g cos yy cos s (1 (1 =1y )=y (4 +14) f1 +1s)

Ayy =Siny;3 oS Y| COS Yy (12 (Zf —14)—113 — 5 (1, +l4))1,/l +sin y, cos y; cos y, (ll + 13)—
sinyycosyycosyy (b +4)(4, +14)l, /1

Ay = [sin 73€0874 (L =I5 ) +siny, cosys (I +15 )]sin 7

Ap4 =(sinyzcosy, —siny, cos y; )sinyl (1, +14)

Aps =siny; cosyzcosyy (4 +1,) (L +l4)/l +siny, cos y; cosy; (11 + 13)+
Sin y3 COs | COS /4 [12 (lf —14)—11 (2, +l4)/l—l3J

Ay =siny;sinyy cosyy (Ll 1,k ) +siny, sinyy cos (14 + 4y

A3y =sin 008 7 c0s 4l (Iy =1y ) +sinyy cos g cos yy Iy (1 =1y ) = (b, +14) = U )1 f1+
sin 4 cosy cosy, (I ~1y )(h +1) /1

Jay =sing, sinyy cos, (I, =1 ) +sin yy sin y, cosy, (4 +1)

Az =(sinyy cos g —siny; cosy, )sinyy (1 —1y)

A3s5 =siny; cos y, cos y4 (I, —I3)+sin y, cos y; cos y, [13 +1 (14 —If)+ll(l, +Z4)/Z}+

sin y,4 oS ¥, COS Y, [(11 +1, )(lf -1 )]/l
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Ag1 :Sin(?/el)Sin(7e3)005(7/e2)lf13 —sin (7, )sin (73 )cos(7e1 ) ils —
sin (7, )sin (7,3 ) €08 (7,1 ) s —sin (7, )sin (7,3 )cos (7.2 ) ol

ﬂ@=ynﬁumh0%%%pﬂﬂh+Q}Hﬂ&&—gﬂﬁ—@h}+

sin y, c0s 3 €08 3l (I + 1)+ sin yy cos y cos yy (I =1 ) (h +1,)1, /1
143=shug[sﬁuqcosy2(g-—5)-mn72cos%((@~—h)4/ﬁ—@)}
Aga = (siny, cosy, —sin yy cos yy )sinys (1 — 1y )

Ll =1y) =L (1. +1
Ay45 =siny; cosy, cosys| I3 + l(f 4)1 5 (L +1y) _

(L + 12)(14 —lf)
!

sin y, COS; COS 3 (ll +14 ) + sin 3 COs | COS /5

A5 =sIn y; sin y3 €0S ¥, €08 ¥4ll, +sin y, sin 3 COS y; COS Y4 (lrl1 —10, ) +

sin y; sin y, cos ¥, COS 3 (lfll -1.1, ) +sin y, sin y4 COS ¥, COS 3 (l, -1 )l1
_(sin 72 COS ¥4 + SN ¥4 COS ¥ ) COS 7| COS 73 —
Asa =\, . }(ll‘”z)
(siny; cos y3 +sin y3 cos 7 ) cos y, cos 74

Asy =(sin y; sin y4 cos y, cos y3l, —sin y, siny3 cos y; cos yuly ) (I +15)

['sin , sin 5 cos ¥, cos y4 —sin y, sin y; cos y; cos y,4 + '
A4 = | SIn ¥, SN ¥4 COS ¥ COS 3 — SiN 7} SIN 4 COS ¥, COS 73 }
P ['sin 7, cos 7, €Os 3 COS 4 —Sin 5 COS 1 COS 3 COS ¥4 + Ll
» | Sin ¥4 COS ¥ COS ¥, COS 3 —SiN 3 COS 1 COS ¥, COS 74 }( 1+h)



