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Sensor-based optimal spacecraft attitude reorientation control by momentum exchange based
on a computational programming approach is addressed in this study. The control problem of
a rigid spacecraft actuated by more than three reaction wheels with an open time of maneuver
is considered. The modified Rodrigues parameters for large principal rotations are applied to
derive our kinematical model. The introduced algorithm can be realized by attitude sensors,
such as rate gyros, with an appropriate arrangement. The cost function to be minimized is
defined as a weighted performance index of the time of the maneuver and the integral of the
squared sum of wheel-torque magnitudes. Instead of utilizing Pontryagin’s minimum principle,
an iterative procedure is used to reformulate and solve the optimal reorientation control problem
as a constrained nonlinear programming problem. To show the feasibility of the proposed
method, numerical simulated results are included for illustration.

1. Introduction

Many current and future spacecraft have mission requirements of pointing, tracking,
and multitarget acquisition within the physical limits of actuators. To achieve these tasks,
sequences of revolutions about body principal axes are required to generate the required attitude
reorientation maneuver. During the spacecraft attitude maneuver, the directional vectors of
bright celestial objects, such as the Sun and the Earth, are measured by optical sensors (e.g.,
infrared sensors or star sensors). Then, the appropriate sensors communicate with an electronic
module, which records the timing of triggers on the Sun and the Earth. The attitude can be
determined by processing the recorded data. Many studies considering a rigid spacecraft with
three attached control torques perpendicular to the three principal axes have been published,
including studies on time-optimal attitude control,?) energy-optimal control,® feedback
control with input saturation,® finite-time output feedback control,®) adaptive sliding mode
control, 19 and path-planning control.!11?)
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Because of their smooth operating modes, reaction wheel systems are usually utilized by
momentum exchange to achieve and maintain the precise attitudes of a spacecraft. The control
input signals of a reaction wheel system are the wheel torques. Many schemes of actuator fault
detection!” have been introduced to determine whether the control input signals are working
precisely. Normally, three reaction wheels are used to control a spacecraft with the wheel axes
aligned with the body principal axes. In practice, reaction wheel systems are assembled in a
specific configuration with K wheels, where K > 3 provides redundancy in three-axis control.
The K reaction wheels can be mounted in arbitrary orientations in the spacecraft frame, but at
least three wheel directions have to be linearly independent for maneuver controllability.

Different aspects of spacecraft attitude control actuated by multiple reaction wheels have
been addressed. Studies include spacecraft large-angle attitude control with a four-wheel
pyramid configuration by the application of anti-windup control and intelligent integrators,(13)
and the synthesis of a four-wheel control algorithm by applying the energy-shaping technique.(!
However, rapid and energy-efficient large-angle attitude maneuvers are important in many
spacecraft missions. Consequently, research on attitude maneuvers of spacecraft actuated by
multiple reaction wheels utilizing optimal control has also been reported. For example, Vadali
and Junkins addressed the optimal large-angle reorientation of a rigid asymmetric spacecraft
with multiple reaction wheels by using an integral of a weighted quadratic function for control
as the cost function.' Carrington and Junkins developed a means of nonlinear optimal polynomial
feedback control for the large-angle attitude maneuver of a spacecraft with four reaction wheels.19)
Wei and Lu introduced nonlinear feedback control logic for the near-minimum-time eigenaxis
reorientation control of a rigid spacecraft actuated by four reaction wheels.!” In Ref. 18, the
problem of a constrained minimum-time maneuver by reaction wheels was solved by particle
swarm optimization. In Ref. 19, kinematic steering attitude control by reaction wheels was
proposed in the form of an inner—outer control loop.

In this study, the optimal large-angle reorientation attitude control (OLRAC) problem of a
rigid spacecraft actuated by K reaction wheels between two different attitudes is considered.
The rest-to-rest reoriented wheel-torque control inputs are determined to minimize a weighted
performance index of the time of maneuver and the integral of the squared sum of wheel-torque
magnitudes. Owing to the difficulty of applying Pontryagin’s minimum principle (PMP),(ZO)
the OLRAC problem of an asymmetric rigid spacecraft actuated by multiple reaction wheels
with the free time of maneuver has not attracted much attention. Thus, in this paper, we extend
the concept in Refs. 21 and 22 to solve the OLRAC problem of a rigid spacecraft with an open
time of maneuver that is actuated by K > 3 reaction wheels mounted in arbitrary and linearly
independent orientations.

We introduce a novel iterative procedure to reformulate and solve the OLRAC problem as a
constrained nonlinear programming (NLP) problem. Then a method to generate initial feasible
solutions of the NLP problem by using modified Rodrigues parameters (MRP) is also proposed.
Since initial feasible solutions can be determined easily, the optimization of the NLP problem
can be started from different points to find an optimal rest-to-rest reorientation maneuver
between two different rotational attitudes under the constraints on wheel-torque inputs for a
rigid spacecraft with K momentum wheels. Numerical simulations are performed to show the
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feasibility of the proposed method. The proposed algorithm can be realized by using attitude
sensors, such as rate gyros, GPS receivers, and star sensors, with an appropriate arrangement.

This paper is organized as follows. Section 2 reviews the spacecraft and reaction wheel
dynamics and attitude representation by the MRP for large principal rotations. Then, the
OLRAC of a rigid spacecraft between two rotational attitudes is formulated as an NLP problem
in Sect. 3. In Sect. 4, our approach to generate initial feasible solutions of the NLP problem
from different starting points is introduced. The procedure used to solve the OLRAC problem
and the simulation results are shown in Sects. 5 and 6, respectively. Finally, conclusions are
given in Sect. 7.

2. Spacecraft and Reaction Wheel Dynamics and Attitude Representation

The large-angle maneuver of a rigid spacecraft actuated by a set of inertial reaction wheels
is considered in this section. The reaction wheel assembly is assumed to comprise K reaction
wheels mounted with arbitrary orientations to provide redundancy for three-axis control.
Usually, K > 3 wheels allows the failure of at most K — 3 reaction wheels. The nonlinear three-

axis rotational dynamics of a rigid spacecraft can be represented as(!>>3)

@y =g —CIC"Y ' [~wy x h— Cul, (1)
o =I5 u—C oy, 3)

where Jp and Jp are the inertia matrices of the spacecraft and reaction wheels, respectively. A
and wp = [0y w, w.]" are the angular momentum vector of the total system and the angular
velocity vector of the body in the body coordinate frame, respectively. @z = [w1 @3 ... wg]" is
the wheel speed vector in the wheel coordinate frame. u = [u1(f) uz(?) ... ux(?)]" is the wheel-
torque input vector and C is the 3 X K coordinate transformation matrix that describes the
orientations of all reaction wheels in the spacecraft frame. At least three column vectors of C
must be linearly independent or (CCT)™! must exist for independent three-axis control. The
vector Cu in Eq. (1) represents the three principal axis components of the spacecraft control
torque inputs. It is clear that matrix C is reduced to a third-order identity matrix for a rigid
spacecraft equipped with three reaction wheels that are mounted coaxially with the origin of the
principal axes at the spacecraft’s center of mass. For a spacecraft-command control input vector
Ucom, the wheel-torque input vector is u = C ucom, where C* = CT(CCT)_1 is the pseudo inverse
of transformation matrix C.

On the other hand, the attitude representation for a rigid spacecraft is described by the MRP.?%
The physical interpretation of the MRP arises from Euler’s theorem. It states that the general
displacement of a rigid body with one point fixed is uniquely determined by a principal unit
I

vector e = [e] e .23]T and a principal angle of rotation @. The MRP vector o [0] 2 03] is related
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to the principal axis and principal angle by ¢ = etan(®/4), which is well defined for all principal
axis rotations in the range 0° < @ < 360°. The body angular velocity wp and the kinematics of
rigid body motion are related by the celebrated formula®¥

6 =G(o)wg, )

where
G(o)= 0.5(13X3 ~S(c)+00" —0.5(1+0" o), ) )

Here, S() is the skew-symmetric matrix operator and I3x3 is the third-order identity matrix.
3. OLRAC Problem

The OLRAC problem of a rigid spacecraft actuated by K reaction wheels between two
attitudes is to determine the wheel-torque inputs that will drive the rigid spacecraft system from
an initial attitude to a desired final attitude, where the initial and final body angular velocities
are assumed to be zero. The performance index to be minimized is defined as a weighted
performance index of the time of maneuver and the integral of the squared sum of wheel-torque
magnitudes. From the dynamics in Egs. (1)—(5), the OLRAC problem can be formulated as
follows:

PROBLEM I: For a rigid spacecraft with the dynamics in Eqgs. (1)—(5), assuming that the
initial attitude and angular velocity vectors are given as

T
o(0)= I:O-liinitial 02 initial O 37initial} > ©)
wz(0)=[0 0 0], (7)
T
wp(0)= I:wliinitial @) _initial " wKiinitial:I ) @)

determine the wheel-torque input vector u = [u1(¢) ua(?) ... ux(?)]" for t €[0, ¢ ] to minimize
(Y T
J_J.O (1+pu u)dt )
subject to

T
O'(l‘f)=|:0'1_ﬁnal 02 final 0-3_ﬁnal:| ’ (10)
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w5(t)=[0 0 o], (11)
and

u u,(t)<u; for ¢ €]0, il i=12,..,K, (12)

i,min < i,max
where [Ul_initia/ 02 initial 03_initial]T and [O'I_ﬁnal 02 _final US_ﬁnal]T represent the initial and the
desired final attitude vectors of the spacecraft, respectively. In this problem, note that the time
of maneuver #,is treated as a free variable and will be determined by an optimization process.
The constant p is a weighting factor reflecting the relative importance of the control inputs with
respect to the time of maneuver.

Problem 1 is clearly difficult to solve because of the nonlinear and coupled relation of the
rigid spacecraft system. To cope with the difficulty, Problem I will be formulated and solved
in the discrete-time domain by numerical methods. The first step is to divide the interval
1€[0,1,]into N equal time intervals, where NV is the number of control steps.?1?? That is,

ti—tiy=At=t, [N fori=1,2, .., N (13)

If the angular acceleration vector of the rigid spacecraft @y is assumed to be constant for
each sub-interval, one obtains

i—1
wp(i)=wp(i—1)+dp(i—1)-At=wp(0)+ Y @y (j)- At
=0 (14)

fori=1, 2,... N

where @wp denotes wp(i - Af). Substituting Eq. (1) into Eq. (14) gives

i-1
@p(0)=05(0)+ Y. (J5 — CTC Y [~w5 (/) x h()) - Cu(j)]- At )
j=0

fori=1, 2,..., N,

where h(j) = Jpwp(j) + CJror(j) Similarly, from Eq. (3), one can obtain the iterative forms of
the angular spinning rate vector of the reaction wheels as

i—1
(i) = @ (0)+ 3 (T5'u()) =€ (15 = CICT) =@ (/) x h(j) — Cu()]- ) »
j=0

fori=1,2,..,N.

Assuming the time derivative of the MRP vector to be constant for each sub-interval, one
also obtains
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i—1
o(i)=o(i-1)+6(i-1)-At=0(0)+ Y o(k)-At
k=0 17)

fori=1, 2, ..., N.

Using the formula for the body angular velocity vector in Eq. (4) and the MRP vector in Eq. (5),
one can represent Eq. (17) as

i-1 i-1
o(i)=0(0)+ Y 6())-At=0(0)+ ) G(o(j) @p())- At
=0 =0 (18)
fori=1, 2,..., N,
where (i), 6(j), G(o(j)), and wp(i) denote 6(i - Af), 6(j - Af), G(a(j - A?)), and wp(j - A?),
respectively.
From the above equations, one finds that wp(/V) is a function of the angular velocity vectors
w3p(0), wp(1), ..., p(N — 1), the spinning rate vectors of reaction wheels @g(0), @r(1), ..., or(N — 1),
the input vectors u(0), u(1), ..., u(N — 1), and the sampling period Az. This means that

03(N) = fi(wp(0), ..., (N — 1), @r(0), ..., or(N — 1), u(0), ..., u(N — 1), Af). (19)
In a similar way, one can also obtain
or(N) =fo(wp(0), ..., (N — 1), @g(0), ..., @r(N — 1), u(0), ..., u(N — 1), A?), (20)
o(N) = f3(6(0), ..., 6(N — 1), @p(0), ..., p(N — 1), A). (21)
Using Egs. (19) and (21), Problem I is now transformed to a standard constrained NLP
problem as follows:

PROBLEM II: Given the initial attitudes in Egs. (6)—(8), determine the values of
u(0), u(1), ..., u(N — 1), and A¢ to minimize

N-1K
J=[N+p22ui2(j)]-m (22)

j=1i=1
subject to

At>0, 23)
T
o(N)= [O-liﬁnal 02 final G37ﬁnal:| : (24)

wz(N)=[0 0 0], 25)
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Ui min < u,(]) < Ui max fori= 1, 2, ceey K;j = 0, 1, ey N- 1, (26)

where wp(N) and 6(N) are respectively defined in Egs. (19) and (21).

Although the OLRAC problem of a rigid spacecraft actuated by K reaction wheels can be
formulated as Problem II, there are still several difficulties to be overcome. One difficulty is
the choice of the number of control steps N. A larger value of N will clearly give more freedom
for the input variables. However, this also means a greater computational time for Problem II.
For a linear system without constraints on the input variables, it has been shown that the initial
value of N must be greater than the dimension of the state variables.?*? Although no similar
criteria must be satisfied for nonlinear systems, an integer larger than the dimension of the state
variables will be chosen as the initial value of N in this paper.

4. [Initial Feasible Solutions to Form Different Starting Points

After formulating the OLRAC problem of a rigid spacecraft actuated by K reaction wheels
as an NLP problem, there are only two ways to guarantee the global minimum of this NLP
problem. The first one is to specify that the problem is convex (minimizing a convex objective
function over a convex feasible region). If the problem is not convex, then the second way is to
choose a sufficient number of different starting points so that all local minima can be obtained.*>
In the convex case, a local minimum is also a global minimum. In the nonconvex case, the
global minimum is determined by evaluating the objective function at each local minimum.
Since Problem II is clearly not a convex problem, only the second way can be used to find its
global minimum.

In Problem II, an initial feasible solution is a set of u(0), u(1), ..., u(N — 1), and At satisfying
the constraints in Egs. (23)—(26). In this section, a systematic approach will be proposed to
generate initial feasible solutions of Problem II. If initial feasible solutions can be found easily,
then the optimization process of Problem II can be started from different points to find all local
minima.

The first step of this approach is to find a maneuvering trajectory of the rigid spacecraft
that satisfies the boundary conditions in Egs. (6)—(8) and Egs. (23)—(25), irrespective of the
constraint in Eq. (26). If this trajectory satisfies the dynamics constraint in Eq. (26), then an
initial feasible solution is found. Otherwise, this trajectory can be adjusted to a feasible one by
reducing the velocities and accelerations but tracking the same positions. Such adjustment is
similar to the situation of flying an airplane along a flight path. If a high flight speed cannot be
achieved, then the airplane should fly at a lower speed with the same course.

To generate a maneuver trajectory that satisfies the boundary conditions in Egs. (6)—(8) and
Egs. (23)—(25) for a chosen value of N, the first step is to set

5(0) i=0,1
o(i)={ 4o (0)+(1-A)o(N) for i=2,..,N-1 27)

o(N) i=N,N+l1,
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where the values of 4;, i = 2, ..., N — 1, are randomly selected from the interval [0, 1]. It is
obvious that &(0) and a(N) are set to [01 inirial 02 initial O3 initiall a0 [0 finat 02 final O3 finall
in this procedure, respectively. Thus, the constraints in Eqs. (6) and (24) will be satisfied. By
arbitrarily choosing a positive value of Af to satisfy the constraint in Eq. (23), one obtains

o) =20D=00) o

Ar i=0,1,.,N (28)
Therefore, it is apparent that
o0)=[0 0 o] (29)
and
s(N)=[0 0 0], (30)

since ¢(0) and a(/N) are set to be equal to o(1) and o(N + 1), respectively.

After determining the MRP vectors (i) and their derivatives o(i) for i = 0, 1, ..., N, the
spacecraft body velocity vector wp(i) can be determined by substituting the values in Egs. (27)
and (28) into Eq. (4) to yield

05(1)=[G(e(@)] ' 6() fori=0, 1, .., N. 31)

The inverse matrix [G(a()))] " in Eq. (31) is well defined by the properties of the MRP.?¥
Substituting Egs. (29) and (30) into Eq. (31) gives wp(0) =[0 0 0]" and @s(V) =[0 0 0]". This in
turn will verify that the constraints in Egs. (7) and (25) are satisfied. Therefore, the trajectory
determined by the above steps will satisfy the boundary conditions in Egs. (6) and (7) and Egs.
(23)—(25). However, one still needs to check that the torque constraints in Eq. (26) are satisfied.
Therefore, we discuss how to generate the corresponding input torques and how to adjust the
input torques to make them feasible.

After determining the angular velocity vectors wp(0), wp(l), ..., @p(N) and angular
acceleration vectors @g(0), @z (1), ..., @g(N —1) of the rigid spacecraft, the corresponding
wheel-torque input vectors u(0), u(1), ..., u(N — 1) can be computed sequentially provided that
the value of wg(0) given by Eq. (8) is known. Firstly, the initial total angular momentum vector
h(0) can be obtained by substituting Eq. (8) into Eq. (2). The spacecraft command control input
vector u.0,(0) is calculated as

b (1) == (T = CT o CT o (i) + @ () x h(3) | for 1 = 0. (33)
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Thus, the wheel-torque input vector #(0) is determined as

u(i)=C"u,,,, (i) fori =0, (34)
where C" = CT(CCM) ! is the generalized inverse matrix of the transformation matrix C. Then
wr(1) is determined by substituting wz(0), @p(0), ~(0), and u(0) into Eq. (16). By applying the
procedure repeatedly from i =0to i =N — 1, u(0), u(1), ..., u(N — 1) are determined sequentially.
A flowchart to illustrate the generation of u#(0), u(1), ..., u(N — 1) is shown in Fig. 1.

C=D

GiVen Oy yiciai~ O3 _initiat= O3 _snitiar » O1_pinai= O2_ gt O3 _gina - 0 ©5(0)
Use Eq. (27) to generate (G, (7). 0, (7). 05(1) ).
i=01--- . N+1

.

Substitute ( 0y (7), 0, (7). 03(7) ). i=0.L---. N +1 into Eq. (28) to determine
(6,(D). 0,(i). 05(1)). i1=0.1--- N

.

Substitute (0, (7). 0, (), 03 (i) ) and (&, (7). G, (7). 63 () ) into Eq. (31) to determine
©y().i=0.1--- N

Il

A
Determine u(7) by utilizing Eqs. (33) and (34)

A
Determine 5 (i +1) by utilizing Eq. (16)

end

no

i=i+l

Fig. 1.  Flowchart to illustrate the generation of u(0), u(1), ..., u(N —1).
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In the above procedure, it is very likely that the input constraints in Eq. (26) will be violated.
Therefore, a simple and effective method will be proposed for their adjustment. The basic
idea is to increase the value of At to reduce the maneuvering velocities and accelerations of the
rigid spacecraft while maintaining the same position. Since the velocities and accelerations are
decreased, the required input torques will also be decreased such that the constraints in Eq. (26)
are met. To provide a more detailed illustration, we will discuss how to generate and adjust a
trajectory in the simulation examples. Because the maneuvering trajectory in Eq. (27) can be
randomly generated, a sufficient number of different initial feasible solutions of Problem II can
be induced so that all local minima are obtained. Thus, the global minimum is determined by
evaluating the objective function at each local minimum.

5. Procedure to Solve the OLRAC Problem

The procedure to solve the OLRAC problem for a rigid spacecraft between two different
rotational attitudes can be summarized as follows.

Algorithm A: (Solution of Problem II)

Step 1: Choose a value of Az, an integer V, and an integer ngqgiple.

Step 2: Seti =0.

Step 3: Formulate the OLRAC problem as the NLP Problem II with the chosen value of N.

Step4:i=i+1.

Step 5: Apply the procedure described in Sect. 4 to generate an initial feasible solution of
Problem II.

Step 6: Use any NLP algorithm to obtain a local minimum of Problem II based on the initial
feasible solution (starting point) specified in Step 5.

Step 7: If i < ngeqsinie, then go to Step 5. Otherwise continue.

Step 8: Choose the smallest local minimum among those found in Step 6.

Step 9: N - At is the time of maneuver. End.

In the above algorithm, one finds that (n/.4sipe + 1) different starting points are generated for
each value of N and at most (nfasinie + 1) local minima can be obtained. Therefore, it is obvious
that one can choose a large value of nyqgine to generate a sufficient number of starting points.
However, this will also result in a long computation time. Therefore, the choice of ngusine
involves a trade-off between the computation time and the number of different starting points.
As a compromise, when performing the simulation examples in Sect. 6, nqsiple 1s chosen as 20.

A smaller value of Az will result in higher discretization accuracy. Therefore, an upper limit
on the discretization sampling period, denoted by Af#,i;, can be chosen by considering the
required accuracy of the discretization between the continuous system and the discrete system.
If the optimal sampling period A#(V) corresponding to a given value of At is greater than At;ipis,
then the value of N needs to be adjusted. Since the choice of Aty and the adjustment of N
are not the main issues of this paper, the value of N will be fixed in the following simulation
examples. For a detailed discussion about the choice of Az;,;; and the adjustment of N, see Refs. (21)
and (22).
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6. Simulation Results and Discussion

In this section, several simulations are used to verify the feasibility of the proposed
method. During each simulation, the K reaction wheels used to actuate the rigid
spacecraft are chosen to be the same. The inertia matrix of the spacecraft is assumed to
be Jp = diag(86.215, 85.070, 133.565) kg-mz. The moment of inertia of each wheel is set to
0.05 kg'm?. Meanwhile, the magnitudes of the control saturation limit on each wheel torque
are assumed to be u; i, = —0.55 N'm and u; yqx = 0.55 N'm for i = 1, 2, ..., K. The initial
MRP vector is set to ¢(0) =[0 0 0]'. The final orientation corresponding to the principal
unit vector and the principal angle of rotation are set to e = [0.4896 0.2032 0.8480]" and
@ = 2.5 rad, respectively. That is, the final attitude in terms of the MRP vector is given by a(t))
= [0.1582 0.0657 0.2740]". The initial and final angular velocities of the rigid spacecraft are
assumed to be wp(0) = wp(t) =[0 0 0]" rad/s. For convenience, the initial speed of each reaction
wheel is also set to zero.

Numerical examples are presented for three major kinds of K-wheel reaction control systems.
For the case of K = 3, the transformation matrix is assumed to be the third-order identity
matrix, which means that three reaction wheels are aligned with the body axes. For K = 4, the
transformation matrix is given by

100 12 -12
c={0 10 1/2 1/\2
00 1 12 -12

In general, the wheel-torque inputs corresponding to the maneuvering trajectory found
in Sect. 4 will violate the dynamic constraint in Eq. (26). For example, a plot of the set of
infeasible wheel-torque inputs for K = 4, N = 35, and A¢ = 16 s is shown in Fig. 2, in which the
wheel torque u3 exceeds the saturation limits in some control steps. A simple way to adjust
this trajectory to be feasible is to increase Az. The plot of a set of feasible wheel-torque inputs
corresponding to K =4, N =35, and Ar = 20 s is shown in Fig. 3. After generating the initial
feasible solutions, the OLRAC problem can be solved by applying Algorithm A. By selecting
the weighting factor p = 0.01, Af and N - At are found to be 0.6918 and 24.2124 s, respectively,
for K = 4 and N = 35. In comparison, for the time of maneuver (tr = N - Af), the values of
81.6625 and 42.4974 s were given in Refs. (22) and (26), respectively. This indicates the
advantageousness of the present method.
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Fig. 2.  Set of infeasible wheel-torque inputs corresponding to K =4, N= 35, and Ar=16s.
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Fig. 3.  Set of feasible wheel-torque inputs corresponding to K =4, N= 35, and At=20s.

For the case of p = 0.001 the simulation results of rigid spacecraft attitude maneuvers
with K = 3, 4, and 5 reaction wheels are shown in Fig. 4. According to this figure, the rigid
spacecraft accomplished the maneuver from the initial attitude to the final attitude in less than
30 s with different values of K. In addition, the greater the number of actuators, the faster the
attitude maneuver is achieved. Figure 5 depicts plots of the wheel-torque inputs for K = 5. At
least one of the wheel-torque inputs is always at its extreme value, which has been observed in
many cases of time-optimal attitude control.
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Fig. 4. (Color online) Time history of the MRP (a) o1, (b) 02, and (c) o3 for the case of p =0.01 and K =3, 4, and 5.
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Fig. 5. Wheel-torque inputs of the rigid spacecraft for p = 0.01 and K= 5.

Plots of the time of maneuver (#7) and the control effort (the integral of the

of wheel-torque magnitudes, ' K u*(t dt) with respect to the weighting
0 =11

squared sum

factor p for

K=3,4, and 5 are illustrated in Fig. 6. The time of maneuver approaches infinity as p—oc. The
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Fig. 6.  Plot of time of maneuver and control effort with respect to weighting factor for K =3, 4, and 5.

minimal time-slewing control is achieved as p—0. Meanwhile, a larger integral of the squared
sum of wheel-torque magnitudes is required to perform this minimal time-slewing maneuver.
Increasing the value of p will decrease the control effort and increase the time of maneuver. For
p < 0.1, increasing the number of reaction wheels K will reduce the time of maneuver but require
a larger control effort. On the other hand, the control effort is almost the same with different
K for large values of the weighting factor (p > 0.1). It is concluded that the trade-off between
the time of maneuver and the control effort for a spacecraft’s maneuvers can be determined by
adjusting the weighting factor p. Nearly minimum-time control with an appropriate control
effort is obtained by choosing a suitable weighting factor of about p =~ 0.1. This is consistent
with the main results provided in Ref. 22.

Figure 7 shows the rigid spacecraft angular velocity with respect to the normalized duration
t/ty for K = 5 with three different weighting factors. By comparing the results in Fig. 7 with
the previous results in Refs. 1, 6, 24, 26, and 27, it can be seen that these angular velocity
trajectories with a smaller value of p have similar characteristics of the time-optimal solutions.
By increasing the value of p, smoother spacecraft maneuvers are produced.

In Fig. 8, wheel-torque magnitudes are plotted with respect to the normalized duration
t/ty for K = 5 and three different weighting factors p with N = 35 control steps. It has been
shown that for the case of rest-to-rest slewing with p = 10, all the wheel-torque magnitudes are
approximately linear functions of time and do not reach their saturation levels. By decreasing
the weighting factor p, some of the wheel-torque magnitudes can be expected to reach their
limits and contribute more to the rotation. By successively decreasing the weighting factor p,
minimum-time control can be obtained, where some or all of the wheel-torque magnitudes are
of the bang-bang type.
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7.  Conclusion

We presented a novel method to solve the OLRAC problem of a rigid asymmetric spacecraft
actuated by K reaction wheels mounted in arbitrary orientations with respect to the spacecraft
frame. The performance index to be minimized is chosen as a weighted performance index
of the time of the maneuver and the integral of the squared sum of wheel-torque magnitudes.
Different from the conventional shooting method, which utilizes PMP, this optimal control
problem is first transformed into an NLP problem by an iterative procedure. The main
advantage of the proposed method is that one does not need to solve a set of highly nonlinear
differential equations. A systematic method to generate initial feasible solutions is also
proposed. This allows the optimization process of the NLP problem to be started from many
different points to search for all local minima. Thus, the global minimum can be obtained by
evaluating the objective function at each local minimum.

The solutions obtained can be verified to satisfy the Kuhn—Tucker condition,?>?® which
is a criterion used to check a local minimum. If a solution does not satisfy the Kuhn—Tucker
condition, then the solution is not a global minimum. However, even if a solution satisfies the
Kuhn-Tucker condition, one still cannot determine whether the solution is globally optimal
or not. Many phenomena in this paper have indicated that the solutions obtained should be
globally optimal. However, more effort will be needed to obtain a mathematical proof.

Acknowledgments

This work was carried out as part of the Intelligent Manufacturing Program coordinated by
the Beautiful China Research Institute of Sanming University with financial support from the
Operational Funding of the Advanced Talents for Scientific Research (19YG04) and the Science
and Technology Department of Fujian Province (Grant No. 2017H6019). We also acknowledge
support from the College of Mechanical and Electrical Engineering in Sanming University.



Sensors and Materials, Vol. 32, No. 5 (2020) 1687

B S

— O O 0 N N

—_ =

12

13

15
16
17
18
19
20

21
22
23
24
25

26
27
28

References

C. Wu, R. Xu, S. Zhu, and P. Cui: Acta Astronaut. 137 (2017) 128. https://doi.org/10.1016/j.actaastro.2017.04.004
Y. Geng, C. Li, Y. Guo, and J. D. Biggs: ISA Trans. 97 (2019). https://doi.org/10.1016/j.isatra.2019.07.026

C. Wu and X. Han: Acta Astronaut. 157 (2019) 415. https://doi.org/10.1016/j.actaastro.2018.12.028

Y. Cheng, D. Ye, Z. Sun, and S. Zhang: Acta Astronaut. 144 (2018) 61. https://doi.org/10.1016/
j-actaastro.2017.12.002

Q. Hu and G. Niu: ISA Trans. 70 (2017) 173. https://doi.org/10.1016/j.isatra.2017.07.023

Y. W. Jan and J. C. Chiou: Acta Astronaut. 54 (2003) 69. https://doi.org/10.1016/S0094-5765(03)00194-2

B. Cong, X. Liu, and Z. Chen: Chin. J. Aeronaut. 23 (2010) 447. https://doi.org/10.1016/S1000-9361(09)60240-5
B. Cong, X. Liu, and Z. Chen: Aerosp. Sci. Technol. 30 (2013) 1. https://doi.org/10.1016/j.ast.2013.05.005

C. Pukdeboon and P. Kumam: Aerosp. Sci. Technol. 43 (2015) 329. https://doi.org/10.1016/j.ast.2015.03.012

B. Guo and Y. Chen: ISA Trans. 94 (2019) 1. https:/doi.org/10.1016/j.isatra.2019.04.014

W. Zhang, Y. Zhang, W. Li, and Y. Wang: Math. Prob. Eng. 2016 (2016) 1081267. https://doi.
org/10.1155/2016/1081267

R. Xu, H. Wang, W. Xu, P. Cui, and S. Zhu: Acta Astronaut. 143 (2018) 212. https://doi.org/10.1016/
j-actaastro.2017.11.035

H. Bang, M. J. Tahk, and H. D. Choi: Control Eng. Pract. 11 (2003) 989. https://doi.org/10.1016/s0967-
0661(02)00216-2

R. Wisniewski and P. Kulczycki: Control Eng. Pract. 13 (2005) 349. https://doi.org/10.1016/
j.conengprac.2003.12.006

S. R. Vadali and J. L. Junkins: J. Astronaut. Sci. 32 (1984) 105.

C. K. Carrington and J. L. Junkins: J. Guid. Control Dyn. 9 (1986) 99. https://doi.org/10.2514/3.20073

B. Wie and J. Lu: J. Guid. Control Dyn. 18 (1995) 1373. https://doi.org/10.2514/3.21555

D. Spiller, R. G. Melton, and F. Curti: Aerosp. Sci. Technol. 75 (2018) 1. https://doi.org/10.1016/j.ast.2017.12.038
H. Schaub and S. Piggott: Acta Astronaut. 147 (2018) 1. https://doi.org/10.1016/j.actaastro.2018.03.022

L. S. Pontryagin, V. G. Boltyanskii, R. V. Gamkrelidze, and E. F. Mishchenko: The Mathematical Theory of
Optimal Processes (Wiley-Interscience, New York, 1986). https://doi.org/10.1057/jors.1965.92

T. S. Chung and C. J. Wu: Automatica 28 (1992) 841. https://doi.org/10.1016/0005-1098(92)90048-K

C. C. Yang and C. J. Wu: IET Control Theory Appl. 1 (2007) 657. https://doi.org/10.1109/ICSMC.2006.384902

G. Creamer, P. DeLaHunt, and S. Gates: J. Guid. Control Dyn. 9 (1996) 505. https://doi.org/10.2514/3.21650

M. D. Shuster: J. Astronaut. Sci. 41 (1993) 439. https://doi.org/10.1109/7.259548

D. G. Luenberger: Linear and Nonlinear Programming (Addison-Wesley, Reading, MA, 1991). https://doi.
org/10.1007/978-3-662-02678-6_14

L. C. Lai, C. C. Yang, and C. J. Wu: Acta Astronaut. 60 (2007) 791. https://doi.org/j.actaastro.2006.09.039

K. D. Bilimoria and B. Wie: J. Guid. Control Dyn. 16 (1993) 446. https://doi.org/10.2514/3.21030

F. L. Lewis: Optimal Control (Wiley, New York, 1986). https://doi.org/10.1002/9781118122631


https://doi.org/10.1016/j.actaastro.2017.04.004
https://doi.org/10.1016/j.isatra.2019.07.026
https://doi.org/10.1016/j.actaastro.2018.12.028
https://doi.org/10.1016/j.actaastro.2017.12.002
https://doi.org/10.1016/j.actaastro.2017.12.002
https://doi.org/10.1016/j.isatra.2017.07.023
https://doi.org/10.1016/S0094-5765(03)00194-2
https://doi.org/10.1016/S1000-9361(09)60240-5
https://doi.org/10.1016/j.ast.2013.05.005
https://doi.org/10.1016/j.ast.2015.03.012
https://doi.org/10.1016/j.isatra.2019.04.014
https://doi.org/10.1155/2016/1081267
https://doi.org/10.1155/2016/1081267
https://doi.org/10.1016/j.actaastro.2017.11.035
https://doi.org/10.1016/j.actaastro.2017.11.035
https://doi.org/10.1016/s0967-0661(02)00216-2
https://doi.org/10.1016/s0967-0661(02)00216-2
https://doi.org/10.1016/j.conengprac.2003.12.006
https://doi.org/10.1016/j.conengprac.2003.12.006
https://doi.org/10.2514/3.20073
https://doi.org/10.2514/3.21555
https://doi.org/10.1016/j.ast.2017.12.038
https://doi.org/10.1016/j.actaastro.2018.03.022
https://doi.org/10.1057/jors.1965.92
https://doi.org/10.1016/0005-1098(92)90048-K
https://doi.org/10.1109/ICSMC.2006.384902
https://doi.org/10.2514/3.21650
https://doi.org/10.1109/7.259548
https://doi.org/10.1007/978-3-662-02678-6_14
https://doi.org/10.1007/978-3-662-02678-6_14
https://doi.org/j.actaastro.2006.09.039
https://doi.org/10.2514/3.21030
https://doi.org/10.1002/9781118122631

