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	 Free-form lenses are commonly used for controlling the ray direction of LEDs, particularly 
when a uniform lighting distribution for sensor applications is required.  We propose a target 
grid modification (TGM) method based on Snell’s law, the edge ray principle, and a luminous 
flux mapping technique to facilitate the design of an LED free-form lens with uniform 
illuminance properties over a rectangular area.  In the proposed method, the size of grids on the 
target plane is adjusted adaptively in such a way as to improve the uniformity of the illuminance 
distribution.  It is shown that for a given illumination specification, the optimal parameters 
applied in the TGM method can be easily determined using a pattern search algorithm.  The 
validity of the proposed approach is demonstrated both numerically and experimentally.  The 
results show that the TGM method improves the illuminance uniformity from 50 to 86% and 
yields an LED output efficiency of 90% given a rectangular target plane with dimensions of 
2000 × 750 mm2 and a lens-to-target plane distance of 500 mm.

1.	 Introduction

	 LEDs are used in many different products, including mobile equipment (e.g., cellular 
phones and notebook computers), backlight modules, sensor systems, and general lighting 
systems.(1–3)  However, LEDs have highly directional light-emitting properties, and thus the 
design of effective optical sensor systems poses a significant challenge.  For example, designing 
a uniform emitting backlight system involves the analysis and optimization of a complex system 
of light guides, lenses, and reflectors, each with its own geometric and optical properties.  In 
this study, we consider the problem of realizing an LED free-form lens capable of providing the 
rectangular illumination zone required for a sensor system.  
	 Two methods are currently available for the design of free-form lenses.  The first method, 
known as the simultaneous multiple surface (SMS) method,(4) generates two controlled surfaces 
to define the two edges of the extended light source.  This kind of design has been extensively 
applied in solar concentrators and automobile headlight systems.(5–7)  The second method, 
referred to as “surface tailoring”, constructs a surface such that each ray is oriented towards a 
certain predefined location.(8)  Many studies have shown that by applying the surface tailoring 
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method in conjunction with an energy mapping approach,(9–13) the flux emitted from the source 
can be redistributed in such a way as to obtain a specific illuminance distribution on the target 
plane.  For simple designs, the source is small enough to be treated as a point source when 
designing the lens or reflectors.  For 2D design problems, the surface tailoring method enables 
the construction of a highly accurate lens surface.  However, in 3D design problems, large errors 
can occur when constructing free-form lens models.(10,14)  Various researchers have proposed 
resolving this problem by designing the lens as a series of separate zones.(10,11,15)  However, the 
resulting discontinuous surfaces within the lens structure complicate the fabrication process and 
limit the potential for mass production.  For actual LED lens design, the chip size of the LED 
should be regarded as an extended source with respect to the secondary lens.  The illumination 
pattern is distorted as a result of the difference between the point source considered in the 
design phase and the extended source used in practice.  The combined errors arising from 
inaccuracies of the lens surface construction and the effects of the extended source can cause 
the actual illuminance distribution to deviate significantly from the design specification.  As 
a result, there is a requirement for robust design methods capable of optimizing the design of 
LED free-form lens systems.
	 To meet this requirement, we propose a target grid modification (TGM) method based on 
Snell’s law, the edge ray principle, and a luminous flux mapping concept, in which the size of 
grids on the target plane is adjusted adaptively in such a way as to improve the uniformity of 
the illuminance distribution.  The proposed method is used to design an LED free-form lens 
capable of providing uniform illuminance over a rectangular area.  The validity of the proposed 
method is demonstrated by comparing the illuminance distribution obtained using a prototype 
free-form lens with that obtained from ray-tracing simulations.

2.	 Methodology for Construction of Optical Lens Model

2.1	 Luminous flux mapping relationship

	 In general, the radiation pattern of a light source and the illuminance distribution of the 
target plane are axially symmetric.  As a result, only one quarter of the geometric model needs 
to be considered in the design process.  Assume that the quarter-radiation pattern of the light 
source is partitioned into M grids in the latitudinal direction and N grids in the longitudinal 
direction [see Fig. 1(a)].  As shown in Fig. 1(b), the grid pattern of the illuminance distribution 
on the target plane is the same as that of the light source.  Thus, in both the latitudinal and 
longitudinal directions, the grids of the light source and target plane have the same luminous 
flux.  The flux of the ith grid of the light source in the latitudinal divisions can be expressed as
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where θi is the rear edge angle of the ith grid with respect to the principal optical axis; θi−1 is 
either the front edge angle of the ith grid with respect to the principal optical axis or the rear 
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edge angle of the (i − 1)th grid; and Δφ is a fixed value for all of the longitudinal grids.  As 
shown in Eq. (1), the flux Φθ for each grid is obtained by dividing the total flux (ΦI) into M 
parts.  Moreover, the angle θi of each grid can be obtained by expanding the integration term in 
Eq. (1).
	 The flux of the jth grid of the light source in the longitudinal divisions is expressed as

	
1

/ ( )si  ) 1( n , –j

j
I N I d j Nj

ϕ
ϕ ϕ

Φ Φ θ ϕ ϕ ϕ
−

= = ∆ =∫ ,	 (2)

where φj is the rear edge angle of the jth grid with respect to the axis perpendicular to the 
principal optical axis [as shown by the X-axis in Fig. 1(b)]; φj−1 is either the front edge angle 
of the jth grid or the rear edge angle of the ( j − 1)th grid; and Δθ is a fixed value for all the 
latitudinal grids.  The flux Φφ for each longitudinal grid is obtained by dividing the total flux 
(ΦI) into N parts.  Moreover, the value of φj for each grid can be obtained by expanding the 
integration term in Eq. (2).
	 According to the luminous flux mapping relationship between the light source and the target 
plane, the L-shaped grids of the target plane in the latitudinal direction [Fig. 1(b)] correspond 
to the arc-shaped grids of the light source [Fig. 1(a)].  The flux of the ith target grid in the 
latitudinal divisions can thus be expressed as

	 ( )( 1)/ , where ,  1 –( )L O Li Li L i Li i iM E A E A A A x y i MiΦ Φ −= = ∆ = − = = ,	 (3)

where E is the average illuminance of each grid on the target plane and ΔALi is the grid area 
obtained by subtracting AL(i−1) from ALi, where ALi is the product of the length xi and the width 
yi of the ith grid.  (Note that the ratio of xi to yi is the same as that of the length of the target 
plane to the width.) As shown in Eq. (3), the flux ΦL of each grid is obtained by dividing the 

Fig. 1.	 (Color online) Schematic illustration showing luminous flux mapping relationship between (a) light source 
and (b) target plane.

(a) (b)
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total flux (ΦO) of the target plane into M parts.  Moreover, the length xi of each grid is calculated 
using Eq. (3).
	 In the same way, the triangle-shaped grids of the target plane in the longitudinal direction 
correspond to the fan-shaped grids of the light source.  The flux of the jth target grid following 
the longitudinal divisions can thus be expressed as
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where Xh is the half-length of the target plane and Yh is the half-width.  Moreover, ΔATj is the jth 
grid area obtained by subtracting AT( j−1) from ATj, where ATj is the triangular area spanned by 
the angle αj.  Note that the angle αj for each grid is obtained by solving Eq. (4).
	 The edge conditions (θi, φj, xi ,αj) for each grid on the light source and target plane can be 
calculated directly from the luminous flux mapping relationship described above.  The edge 
conditions can then be used to determine all the incident rays and refracted rays for each 
particular grid.  Finally, the points of intersection of the incident rays and refracted rays can be 
calculated using Snell’s law to form the lens surface.  The emitting surface of the optical lens 
model can then be constructed by integrating all of the points of intersection of the incident and 
refracted rays using computer-aided design (CAD) software.(16)

2.2	 Design problem

	 The LUXEON Rebel LED produced by Philips Lumileds Ltd. was chosen as the light 
source for the current design problem.  The LED has a light-emitting surface with dimensions 
of 1.4 × 1.4 mm2 and radiates light as a Lambertian source.  The target plane was assumed to 
have dimensions of 2000 × 750 mm2 (length × width) and was located at a distance of 500 mm 
from the LED as shown in Fig. 2.  It was assumed that a free-form polymethyl methacrylate 
(PMMA) optical lens with a refractive index of 1.49 was placed immediately in front of the 
LED.  In developing the optical model of the free-form lens, the quarter-regions of the light 
source and target plane were both divided into 250 (M) × 250 (N) = 62500 grids in accordance 
with the luminous flux mapping relationship.  Figure 3 shows the ray-tracing simulation results 
obtained for the resulting illuminance of the rectangular target plane.  It is seen that the central 
region of the target plane is illuminated too brightly, while the outer region is illuminated too 
weakly.  Moreover, the illumination of the target plane near the X-axis is greater than that near 
the Y-axis.  From inspection, the illuminance uniformity (defined as the ratio of the minimum 
lux to the average lux) is just 50%.  The poor uniformity of the illuminance distribution is 
thought to be the result of two main factors, namely, (1) the surface normal of the lens model 
constructed using CAD software is different from that calculated from the luminous flux 
mapping relationship, and (2) the refracted rays emitted by the flat light source deviate from the 
predetermined rays emitted by the point light source.
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2.3	 TGM method

	 We next present a method we call the TGM method for improving the uniformity of the 
illuminance distribution by adjusting the size of the individual grids on the target plane and 
reconstructing the optical lens model accordingly.  As shown in Fig. 3, the illuminance of the 
center grids in the latitudinal direction is greater than that of the outer grids.  Accordingly, in 
the proposed TGM method, the illuminance of the central grids is reduced by increasing the 
grid size on the basis of the luminous flux conservation between the input flux and the output 
flux over all the grids.  Similarly, the illuminance of the edge grids is increased by reducing 
the grid size subject to the same constraint.  In implementing the TGM method, it is assumed 
that the grid size decreases linearly from the first grid ΔAL1 in the latitudinal direction to the 
final grid ΔALM.  Let the ratio of ΔALM to ΔAL1 be denoted as RAL.  Furthermore, let the value 
of RAL be bounded by the interval [0.1, 1.0], where RAL = 1.0 indicates that the size of the last 
grid is equal to that of the first grid.  Figures 4(a) and 4(b) show the grid patterns on the target 
plane corresponding to RAL = 1 and RAL = 0.5, respectively.  Meanwhile, Fig. 4(c) shows the 
simulation results obtained for the illumination distribution on the target plane given RAL = 0.5.  
Comparing the results presented in Fig. 4(c) with those shown in Fig. 3 (RAL = 1), it is seen 
that a reduction in the value of RAL effectively reduces the illuminance of the central grids and 
increases the illuminance of the outer grids.
	 As shown in Fig. 3, the illuminance of the grids near the X-axis in the longitudinal direction 
is greater than that of the grids near the Y-axis.  Accordingly, in the proposed TGM method, the 
size of the grids near the X-axis is increased in order to decease the illuminance, while that of 
the grids near the Y-axis is reduced in order to increase the illuminance.  Assume that the grid 
size decreases linearly from the first grid ΔAT1 in the longitudinal direction to the final grid 
ΔATN.  Assume further that the ratio of ΔATN to ΔAT1 is denoted as RAT.  As with the parameter 
RAL, the value of RAT is bounded by the interval [0.1, 1.0].  Figures 5(a) and 5(b) show the grid 
patterns on the target plane corresponding to RAT =1.0 and RAT = 0.5, respectively.  In addition, 

Fig. 3.	 (Color online) Simulation results showing 
non-uniform illuminance distribution when TGM 
method is not applied.

Fig. 2.	 (Color online) Schematic illustration of LED 
illumination device and illumination requirement.
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Fig. 5(c) shows the simulated illuminance distribution on the target plane given RAT = 0.5.  By 
comparing the illuminance distributions shown in Figs. 3 and 5(c), it is seen that a lower value 
of RAT reduces the illuminance of the grids near the X-axis and increases that of the grids near 
the Y-axis.  

3.	 Simulation and Experimental Results

	 Through the simultaneous adjustment of both TGM parameters (i.e., RAL and RAT), it is 
possible to adjust the illuminance of each grid on the target plane in both the longitudinal and 
latitudinal directions.  Since the two parameters are limited to values in the range of 0.1–1.0, it 
is not difficult for an optimization program to search for the best values of these parameters.  
To find the uniform illumination, a pattern search algorithm, which is a non-gradient-based 
method, was used to optimize the design.  This optimization method does not need users 
to provide a detailed mathematical model to evaluate the merit function.  Rather, the search 
algorithm uses the outputs from several ray-tracing simulations as the basis for estimating 
the possible local minimum and then suggests modified input parameters for the following 
simulation run.(17)

Fig. 4.	 (Color online) (a) Target grid pattern with RAL = 1, (b) target grid pattern with RAL = 0.5, and (c) 
illuminance distribution given RAL = 0.5.

Fig. 5.	 (Color online) (a) Target grid pattern with RAT = 1, (b) target grid pattern with RAT = 0.5, and (c) 
illuminance distribution given RAT = 0.5.

(a) (b) (c)

(a) (b) (c)
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	 Figure 6 presents the simulation results obtained for the illuminance distribution on the 
target plane given the optimal values of the two TGM parameters, namely, RAL = 0.6 and 
RAT = 0.6.  From inspection, the illuminance uniformity is found to be 86%.  By contrast, that 
of the original illuminance distribution [Fig. 3] is only 50%.  In other words, the TGM method 
significantly improves the illuminance uniformity of the LED free-form lens.  Note that the 
light output efficiency is equal to around 90% in both cases.  
	 Figures 7(a)–7(c) respectively show the optical lens model, lens prototype, and LED 
illumination device constructed in accordance with the simulation results presented in Fig. 6.  
Figure 8 shows the experimental setup used to verify the performance of the LED illumination 
device.  Note that the lens-to-target plane distance was set in accordance with the dimension 
shown in Fig. 2 (i.e., 500 mm).  Figure 9 shows the experimental and simulation results obtained 
for the normalized illuminance intensity curves in the horizontal and vertical directions.  It 
is seen that good qualitative agreement exists between the two sets of results.  In general, the 
results confirm that the TGM-designed LED free-form lens provides a uniform illumination 
distribution over the specified rectangular area and is therefore suitable for sensor system 
applications.  

Fig. 6.	 (Color online) Simulation results showing uniform illuminance distribution when TGM method is applied 
with RAL = 0.6 and RAT = 0.6.

 Fig. 7.	 (Color online) (a) Computer-generated model of optical lens, (b) prototype of TGM-designed LED free-
form lens, and (c) LED illumination device.

(a) (b) (c)
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4.	 Conclusions

	 We proposed a TGM method based on a luminous flux mapping technique for optimizing 
the design of an LED free-form lens for sensor systems.  In the proposed approach, the size 
of the individual grids on the target plane is adjusted adaptively in such a way as to achieve 
a uniform illuminance distribution.  Importantly, the optimal values of the two grid-size 
adjustment parameters in the TGM method can be easily determined using a simple pattern 
search algorithm.  The simulation results have shown that when the proposed TGM method 
is not applied, the illuminance uniformity has a value of just 50%.  However, when the TGM 
method is applied, the illuminance uniformity increases to around 86%.  The experimental 
results confirmed the simulation findings and showed that the TGM-designed LED free-form 
lens is suitable for sensor systems.  
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