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	 In this paper, we report a circuit experiment that demonstrates the effect of the number 
of input signals on chaos synchronization by applying zero-dispersion nonlinear resonance 
(ZDNR). The input signals are obtained by generic input–output analysis and the ZDNR theory. 
In this way, the evolution of chaos synchronization can be observed from our experimental 
results, that is, two chaotic systems change from phase locking to complete synchronization 
when the number of input signals of ZDNR increases from one to three. Additionally, a circuit 
implemented utilizing the ZDNR technique can be applied to sensor circuits to detect specific 
desired signals.

1.	 Introduction

	 Chaos is a type of motion that is unique to nonlinear dynamic systems, and is a complex 
phenomenon that is common in nature.(1,2) How to effectively control chaotic signals to generate 
valuable applications is a topic that many researchers have studied.(3–7) There are many 
applications of chaotic synchronization, such as secure communication,(8,9) spread spectrum 
communication,(10) and information compression and storage.(11) As a result, chaos control 
and synchronization methods, such as the drive-response method,(12) feedback method,(13) 
pulse control method,(14) and so forth,(15,16) have been receiving intensive attention and been 
extensively explored. 
	 In 1994, Soskin proposed an alternative type of nonlinear resonance,(17) called zero-
dispersion nonlinear resonance (ZDNR). Later, Ho et al. performed a general input–output 
analysis to verify one of the features of ZDNR, that is, the output response appears without any 
dispersion or distortion.(18) In 2010, Ho et al. realized an experimental circuit exhibiting ZDNR.(19) 
Since then, we have continued to study ZDNR,(20) and extended its application to chaos 
synchronization. Underlying the mechanism of ZDNR, that is, the output is equal to the input, 
in this study, we used the general input–output method to calculate the input ZDNR signals as a 
drive system input into a chaotic system to be output as a response system. When all three input 
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signals were input, two chaotic systems achieved complete synchronization. However, the type 
of chaos synchronization changed and phase locking was observed when the number of input 
ZDNR signals was decreased. The sensitivity of chaos synchronization to ZDNR signals may 
be applicable to the development of sensor circuits.

2.	 Model of Chaos Synchronization by Applying ZDNR

	 The following dynamic system is considered:

	 ( ), 0X G X X U+ +∇ = ,	 (1)

where X is the output, U is the potential, and G is used to include the effects of gain and 
dissipation. Then, we input an external driving force F to the system in Eq. (1) and obtain the 
following output response system:

	 ( )1 1 1,X G X X U F+ +∇ = .	 (2)

When the output X1 is the same as the external driving force F, that is, X1 = F, the driving input 
of ZDNR is obtained. Since X1 is the same as F, we replace F with X1 in Eq. (2) to obtain

	 ( )1 1 1 1,X G X X U X+ +∇ =  .	 (3)

Taking the system in Eq. (3) as the driving input, the following output response system is 
obtained:

	 ( )2 2 2 1,X G X X U X+ +∇ =  .	 (4)

In this way, X1 and X2 will eventually achieve chaos synchronization of ZDNR.

3.	 Experimental Setup

	 A typical Lorenz system is considered as follows:
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where (C1, C2, C3) = (21.3, 40.2, 3). When an external force F is input, the system becomes
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By applying generic input–output analysis and ZDNR theory, that is, (F1, F2, F3) = (x1, y1, z1), 
the following driving system is obtained:
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.	 (7)

Then the response output is obtained as
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	 We set the scaling factors of the circuit as (x1, y1, z1) = (10X1, 10Y1, 10Z1) and (x2, y2, z2) = (10X2, 
10Y2, 10Z2), and set the time scale as τ = 1000t. Then the driving system in Eq. (7) becomes
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in which all coefficients must be converted to negative values for the circuit design. Then, the 
response system in Eq. (8) becomes
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To transform the above equations into circuits, the systems in Eqs. (9) and (10) are respectively 
converted to the following systems.
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	 In this way, the input and output systems will achieve complete synchronization. An analog 
circuit simulation of ZDNR on Multisim is shown in Fig. 1, in which the switches control 

Fig. 1.	 Circuit diagram of chaos synchronization by applying ZDNR, where S1, S2, and S3 are switches 
controlling the input signals of ZDNR.



Sensors and Materials, Vol. 33, No. 2 (2021)	 589

whether or not driving signals of ZDNR are input by switching ON or OFF, as shown in Fig. 2. 
Figure 3 shows the setup and the result of implementing the ZDNR phenomenon in a real 
circuit.

4.	 Results

	 First, we set all three switches to OFF to ensure that no ZDNR signals are input, and the 
phase diagrams of the ZDNR signals vs the output signals are measured. From Fig. 4, the phase 
diagrams clearly exhibit a chaotic state, which means that the output signals and ZDNR signals 
do not synchronize when no ZDNR signals are input. On the other hand, when we set all three 

Fig. 2.	 Switches. (a) ON corresponds to the input of the ZDNR signal and (b) OFF corresponds to no input of the 
ZDNR signal.

Fig. 3.	 (Color online) Implementation of ZDNR in real circuit and result obtained from oscilloscope.

(a) (b)
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switches to ON so that all three ZDNR signals are input, the output signal and the input signal 
achieve complete synchronization. The phase diagrams of the input signals vs the output signals, 
as shown in Fig. 5, show diagonal lines, which mean that the input signals and the output signals 
are identical, that is, they are synchronized.

5.	 Discussion

	 Since the input of the ZDNR contained three signals, we were interested in the effect of the 
number of input ZDNR signals on chaos synchronization. Thus, we controlled the switches to 
change the number of input ZDNR signals from one to three. From the experimental results 
of the real circuit, the phase diagrams of the input signals vs the output signals displayed a 
proportional trend when one ZDNR signal was input, as shown in Fig. 6(a). This means that 
there was a phase-locking relationship between the input and output. The thick diagonal lines 
shown in Fig. 6(b) mean that there was a quasi-periodic relationship between the input and 
output when two ZDNR signals were input. The diagonal line shown in Fig. 6(c) means that the 
input and output achieved complete synchronization when three ZDNR signals were input.
	 Additionally, to verify the effect of the number of input ZDNR signals on chaos 
synchronization, we plotted the time series of the output signal, and marked with thick red dots 
places where the output signal and the input signal are identical. When no ZDNR signal was 

Fig. 4.	 (Color online) Phase diagrams of the ZDNR signals (x1, y1, z1) vs the output signals (x2, y2, z2) when no 
ZDNR signals are input. (a), (b), and (c) Results of the simulation. (d), (e), and (f) Results of the real circuit.

(a) (b) (c)

(d) (e) (f)
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input, very few and scattered thick red dots were observed as shown in Fig. 7(a). However, the 
number of thick red dots increased slightly and the dots became more concentrated when one 
of the ZDNR signals was input as shown in Fig. 7(b). When two ZDNR signals were input, 
there were many clusters of thick red dots [Fig. 7(c)]. Finally, when all three ZDNR signals were 
input, the entire time series of the output was marked with thick red dots as shown in Fig. 7(d), 
that is, the input and output signals achieved complete synchronization.

Fig. 5.	 (Color online) Phase diagrams of the input signals of ZDNR (x1, y1, z1) vs the output signals (x2, y2, z2) 
when all three ZDNR signals are input. (a), (b), and (c) Results of the simulation. (d), (e), and (f) Results of the real 
circuit.

Fig. 6.	 Phase diagrams of the input signals of ZDNR (x1, y1, z1) vs the output signals (x2, y2, z2) when (a) one of 
the ZDNR signals is input, (b) two of the ZDNR signals are input, and (c) all three ZDNR signals are input.

(a) (b) (c)

(d) (e) (f)

(a) (b) (c)
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6.	 Conclusions

	 Novel control methods of chaos synchronization have always been interesting research 
topics. After studying ZDNR and implementing a ZDNR circuit successfully, we extended the 
application of ZDNR to chaos synchronization. Underlying the mechanism of ZDNR, that is, 
the output is the same as the input, we used the general input–output method to calculate the 
ZDNR signals as the input. Finally, we successfully implemented the chaos synchronization 
circuit of ZDNR. Furthermore, by changing the number of input ZDNR signals, we observed 
the evolution of chaos synchronization through phase locking, quasi-periodic behavior, and 
complete synchronization from the experimental results. Furthermore, the sensitivity of circuits 
to ZDNR signals will be helpful for the design of sensor circuits.
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